constant. When applied to a quantity associated
with 2, the surface coordinates (Slattery, 1974)
denoting position on 2 are fixed.

dvy/dt = derivative with respect to time following a point
within a phase that moves with the mass averaged
velocity v

dvo1/dt = derivative with respect to time following a
point in the interface that moves with the mass
averaged velocity v(®

V = gradient

V(s = surface gradient operation (Slattery, 1974)

div = divergence

div(ey =surface gradient operation (Slattery, 1974)

det = determinant

[ 1 = shorthand notation defined by Equation (3)
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The Relation Between the Reaction
Mechanism and the Stoichiometric

Behavior of Chemical Reactions

The need to describe stoichiometric behavior of complex
chemical reactions by independent reactions was first
recognized by Gibbs (1876, 1961) in his work on hetero-
genous chemical equilibria. Since then, several authors

AIChE Journa! (Vol. 23, Neo. 3)
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have attacked the problem to find the independent reac-
tions or the number of them from basic knowledge of the
composition of the components and their reaction tenden-
cies (Jouguet, 1921; Defay, 1931; Brinkley, 1946; Prigo-
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gine and Defay, 1947; Peneloux, 1949; Denbigh, 1955;
Schay and Petho, 1962; Aris, 1963; Aris and Mah, 1963;
Aris, 1965; Lielmezs, 1965; Pethd, 1963a, b; Amundson,
1966; Pethd, 1967; Aris, 1968; Bowen, 1968; Henley and
Rosen, 1969; Whitwell and Dartt, 1973; Bjornbom, 1974,
1975; Schneider and Reklaitis, 1975).

During a long period of time, the generally accepted
meaning of independent reactions was a set of linearly in-
dependent reactions able to describe the composition
changes of the system. Not until recently it has been
demonstrated that such a definition is not strict but that
also independence of the reaction extents must be con-
sidered (Bjornbom, 1975).

A set of chemical reactions is a set of independent re-
actions if and only if the reactions are linearly indepen-
dent, they can describe all the physically possible com-
position changes in the system, and all the extents of reac-
tion can vary independently.

Thus, from the atomic matrix, one can always construct
a set of linearly independent reactions which can describe
the system. But the number of independent reactions
according to the definition may be less, and in such a
case the reaction extents for the reactions from the atomic
matrix will vary with linear dependence. In a calculation
of chemical equilibrium, such a dependence of the reaction
extents will give an incorrect result.

Empirically, the number of independent reactions can
be determined by method described by Aris and Mah
(1963). This method gives correct results, although a
modified variation more firmly based on the definition
above should be preferred (Bjornbom, 1975). On the
other hand, the independent reactions must be related to
the reaction mechanism of the system. One difficulty in
studying this relation is that the mechanism involves more
species than the reactions describing the stoichiometry.
In stoichiometric calculations, one is not concerned with
such species which appear as intermediates in very small
amounts, for example, free radicals, or species which do
not change at all, like catalysts. However, in the reaction
mechanism those species are very important.

Aris (1965, 1968) has discussed this relation, but his
result cannot account for the case with fewer independent
reactions than the maximum limit from the atomic matrix.
The purpose of this work has been to perform such a
study with the stricter definition of independent reactions
in mind. Methods have been derived to determine the
number and a set of independent reactions from a known
or postulated reaction mechanism. The method provides a
systematic means for testing various hypothetical reaction
mechanisms. Given the species that occur in a proposed
mechanism, the method generates independent reaction
equations that are the basis for analysis using experimen-
tal kinetic data.

The concepts and the methods will be presented by
application on two numerical examples. The detailed
theoretical treatment is given in a separate supplement.®
Some important theoretical points will be discussed in the
concluding paragraph.

EXAMPLE 1

We will consider the dehydroalkylation of a xylene iso-
mer to obtain benzene as the final product and toluene
as an intermediate. Atomic matrix analysis states that
the maximum number of linearly independent reactions
equals 3. Thus, three linearly independent reactions can
describe this system; for example

% Supplementary material has been deposited as Document No. 03000
with the National Auxiliary Publications Service (NAPS), c¢/o Micro-
fiche Publications, 440 Park Ave. South, New York, N. Y. 10016 and
may be obtained for $3.00 for microfiche or $5.00 for photocopies.
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CH303H4CH3 + H2 - CsHsCHa -+ CIL
CsH5CH3 -+ Hz'—> CGHG + CH4
C6H5CH3 + 10H2—) 7CH4

We will demonstrate how a postulated mechanism indi-
cates that the number of independent reactions are not
more than two. We will also, by a matrix method, con-
struct two independent reactions

According to Silsby and Sawyer (1958, 1957), the fol-
lowing reaction mechanism can be postulated:

H, — 2H-

H- + CH;C¢H,CHz — CH, + C¢H,CHj
-C¢H,CH; + Hy — C¢H;CH; + H-

H- + CyH;CH3z — CH, + -CgHs;

-CgHs + Hy — CgHg + H-

‘CeH;s + CH3CgH,CH3 — C¢H;CH; + -CeH,CHj,
2H- — H,

The elementary steps in the reaction mechanism define
the columns of the mechanistic matrix M:

(0—-1 0 0 0 —1 0)CH;CsHCH;
0 0 1 -1 0 1 0]CeH;CHs
0 0 0 1 0 O0]CeHs
M = 01 0 1 0 0 0 CH
-1 0-1 0-1 0 1|H,
0 1-1 0 0 1 0] CHCH,
0 0 0 1 —1—-1 0] CeHs
.l 2-1 1-1 1 0-2|H

The three radical species represent the Bodenstein prod-
ucts (Frank-Kamenetsky, 1940) in the mechanism, tnat is
products that can be neglected in stoichiometric calcula-
tions.

The three rows in M corresponding to the Bodenstein
products form the matrix M”. From the rank of M and M”,
the number of independent reactions are calculated by

R(M) — R(M”) (1)

(A condition for the validity of this formula will be dis-
cussed in the concluding paragraph.) For our example,
we find A(M) = 5 and R(M”) = 3. Thus, the number
of independent reactions equals 2.

To construct two independent reactions we proceed as
follows.

1. Find five linearly independent columns in M. They
form the matrix §’; for example

F0—-1 0 0 0)
0 0 1-1 0

0 0 0 0 1

. 01 0 1 0
= |-1 0-1 0-1
0 1-1 0 0

0 0 0 1-1

L 2-1 1-1 1|

2. The submatrix of 8’ corresponding to the Bodenstein

products is
0 1 -1 0 0
§” = 0O 0 0 1 -1

2-1 1-1 1

From this matrix a basis of the linear space of solutions of
the system of linear equations
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xy
0 1-1 0 0 %2
§x= |0 0 0 1 -1 X3 =0 (2)
2 -1 1-1 1 X4
X5

is constructed (that is, a basis of the null space of §7).
One of the fundamental sets of solutions (Shilov, 1961) is
such a basis. In our case, such a set is obtained by, for
example, solving

0 1 0 %1 -1 0
0 0 1 X = — 0 |x3— -1 § %
2 —1 —1 X4 1 1

for the following two sets of values of xz and x5

x3::1, x5=0

x3:0, x5=1

In numerical practice, these solutions can be neatly ob-
tained at the same time by a combined Gauss elimination
procedure on the following augmented matrix:

0 1 0 1 O
0 o 1 0 1
2 -1 -1-1-1

3. The matrix Z formed by the fundamental set of solu-
tions gives the stoichiometric matrix of the independent
reactions according to the formula

S=S7 (3)
that is
(0—-1 0 0 0)
0 0 1-1 0
0 0 0 0 1 (1)8
01 0 1 0 1o _
S= |1 0-1 0-1 01 =
0 1 -1 0 0 01
0 0 0 1-—1
L 2-1 1-1 1]
[ —1 0 ) CH;CeH,CH;q
1'—1 C6H5CH3
0 1 |CeHs
1 1 {CH,
—1 -1 |H,
O 0 C6H4CH3
0 0 ‘CGH,';
R EE

Thus, we find the following independent reactions
CH3C5H4CH3 + Hg - CsI‘IsCHa + CH4
C6H5CH3 + H2—-> CeHs + CH4

which are supported by experimental data.

EXAMPLE 2

This example will illustrate how the independent reac-
tions can be obtained by trial and error combination of
the elementary reaction steps. It will also demonstrate an
important theoretical point which will be discussed in the
concluding paragraph.

Consider the metal catalyzed decomposition of secon-
dary butyl hydroperoxide in n-pentane solution to give
secondary butyl alcohol, methyl butyl ketone, water and
oxygen, as described by Hiatt and co-workers (1968).
Atomic matrix analysis shows that the maximum number
of linearly independent reactions equals 2. The following

AIChE Journal (Vol. 23, No. 3)

two reactions, for example, can describe this system:
2C,Hy00H — 2C,HyOH + O,
C4H900H b d CHgCOCsz + H20

The following reaction mechanism was postulated by
Hiatt and co-workers:

C,H,00H + MY C,H;0O' + MUI . OH~
C4H,O0H + M"! + OH~ — C,Hy00- + M 4 H,0
CH,0- + C;H,00H - C;H,OH + CH,00-
2C4H,00 — C;H,0H + CH;COC;H; + O,

M! and MM refer to the metal catalyst in di and trivalent
state.

From the matrices M and M” it is found that the num-
ber of independent reaction equals 1. This is less than the
maximum number of linearly independent reactions.

The trial and error method is based on linear combina-
tion of the elementary reactions such that the Bodenstein
products disappear. Trying different linear combinations,
one can find R(M) — R(M”) linearly independent reac-
tions without Bodenstein products which constitute a set
of independent reactions. In our example this means that
we seek one such combination. Addition of the four reac- -
tion steps in the mechanism fulfills the condition giving the
following result:

3C4H900H*—) 2C4H90H + CH3COC2H5 + 02 + H20

This stoichiometry was supported by Hiatt and co-workers’
experiments.

CONCLUDING REMARKS

The methods presented give the independent reactions
and the number of them if one condition is fulfilled, that
the rate functions for the elementary steps must be linearly
independent functions. In the supplementary part, this
condition is discussed and found unlikely not to be ful-
filled in a real case. However, if it is not fulfilled, the
number of independent reactions is less than R(M) —
R(M”), and the set of reactions obtained by the present
methods must be further reduced to get independent
reaction extent variations.

The examples demonstrate that different postulated re-
action mechanisms can result in different stoichiometric
behavior and consequently in possibilities to obtain some
mechanistic information. In example 1 a reaction mech-
anism completed with reaction steps resulting in the break-
down of the aromatic nucleus would give three indepen-
dent reactions rather than two. Thus, if experiments indi-
cate two independent reactions, the reaction mechanism
with breakdown must be rejected.

Use of radioactive labeling in the experiments should
increase the possibilities of getting some mechanistic in-
formation by use of the present method. This topic remains
to be investigated.

In example 1, it is obviously possible to obtain the same
result as by the present method by an atomic matrix anal-
ysis considering also the aromatic nucleus as an element,
An interesting question is does this represent a general
case. The answer is no. Example 2 is counter evidence,

NOTATION
M

mechanistic matrix

I

M submatrix of M corresponding to Bodenstein prod-
ucts

R( ) = rank of matrix inside parenthesis

S = stoichiometric matrix
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§’ = stoichiometric matrix formed by deleting depen-
dent columns in M

$” = submatrix of §’ corresponding to Bodenstein prod-
ucts

x; = molar extent of reaction to §

X = vector of x; values

Z = matrix the columns of which constitute a basis of

the null space of §”
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Analysis of Heat Transfer for Laminar Power
Law Pseudoplastic Fluids in a Tube With an
Arbitrary Circumferential Wall Heat Flux

An analysis is performed to obtain an exact solution to the problem
of thermal entry region heat transfer in a circular tube with an arbitrary
circumferential wall heat flux for pseudoplastic fluids using the power
law constitutive model. The solution is expanded in a power series form,
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with expansion coefficients and related constants obtained numerically. A

simple result is presented for a cosine heat flux distribution around the
periphery of the tube which illustrates the simultaneous influence of cir-
cumferential wall heat flux variation and non-Newtonian fluid behavior

on heat transfer,
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SCOPE

The problem of laminar, forced convection flow of a
fluid through a pipe with a heated wall is classic in the
heat transfer literature. Analytical and experimental studies
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have been reported with various flow and wall condi-
tions for both Newtonian and non-Newtonian fluids.
The motivation for the present work arose from the
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